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ON THE STATISTICAL STABILITY OF FAMILIES OF ATTRACTING
SETS AND THE CONTRACTING LORENZ ATTRACTOR
VITOR ARAUJO
Abstract. We present criteria for statistical stability of attracting sets for vector fields us-
ing dynamical conditions on the corresponding generated flows. These conditions are easily
verified for all singular-hyperbolic attracting sets of C2 vector fields using known results,
providing robust examples of statistically stable singular attracting sets (encompassing in
particular the Lorenz and geometrical Lorenz attractors). These conditions are shown to
hold also on the persistent but non-robust family of contracting Lorenz flows (also known as
Rovella attractors), providing examples of statistical stability among members of non-open
families of dynamical systems. In both instances, our conditions avoid the use of detailed in-
formation about perturbations of the one-dimensional induced dynamics on specially chosen
Poincare´ sections.
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1. Introduction
The statistical viewpoint on Dynamical Systems is one of the cornerstones of most recent
developments in dynamics. Given a flow φt on a manifold M , a central concept is that of
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2 VITOR ARAUJO
physical measure, a φt-invariant probability measure µ whose ergodic basin
B(µ) =
{
x ∈M : 1
T
∫ T
0
ϕ(φtx) dt→
∫
ϕdµ for all continuous ϕ : M → R
}
has positive volume or Lebesgue measure, which we write Leb and take as the measure asso-
ciated with any non-vanishing volume form on M .
This kind of measures provides asymptotic information on a set of trajectories that one
hopes is large enough to be observable in real-world models.
The stability of physical measures under small variations of the map allows for small er-
rors on the formulation of the transformation law governing the dynamics not to disturb too
much the long term behavior, as measured by the most basic statistical data provided by
asymptotic time averages of continuous functions along orbits. In principle when consider-
ing practical systems we cannot avoid external noise, so every realistic mathematical model
should exhibit these stability features to be able to cope with unavoidable uncertainty about
the “correct” parameter values, observed initial states and even the specific mathematical
formulation involved.
In this note we explicitly state criteria for statistical stability of families of continuous dy-
namical systems (flows generated by vector fields) exhibiting not necessarily robust features
(that is, the family needs not be open in a smooth topology of vector fields or flows) given
by singular attracting sets, namely singular-hyperbolic or contracting Lorenz models. These
families of invariant sets, containing regular trajectories accumulating equilibria are not struc-
turally stable, that is, cannot be seen as different realizations of the same system under a
continuous change of coordinates; see e.g. [26]. However, using physical measures we can
obtain stability in a statistical sense: asymptotical time averages of continuous observables
over most trajectores will vary continuously with the underlying dynamical system.
We first apply the criteria to obtain a rather geometrical proof of statistical stability for
open families singular-hyperbolic (or Lorenz-like) attracting sets, encompassing in particular
de classical Lorenz attractor and also the family of geometrical Lorenz attractors; see [15] for a
presentation of these systems. Our proof takes advantage of already known published results.
Secondly, we show that the non-open, but persistent, Rovella family [40] of perturbation of
the contracting Lorenz attractor also satisfies the criteria and, thus, the physical measures
on these attractors are statistically stable within the family. We note that recently Alves-
Khan [5] showed that contracting Lorenz flows are statistically unstable if we consider all the
nearby flows in the C3 topology.
Another notion of stability is that of stochastic stability, dealing with small random pertur-
bations along each trajectory, which we do not consider here, but was studies for sectional-
hyperbolic and contracting Lorenz attractors by Metzger and Morales [32, 33].
Our criteria do not assume uniqueness of the physical measure supported on the attract-
ing set: we deal with an at most countable family of ergodic physical measures, as long as
their ergodic basins contain Leb-almost points whose trajectories accumulate on the attract-
ing set. Moreover, the criteria do not involve the statistical stability of a one-dimensional
quotient map induced by a certain Poincare´ return map, defined by a suitable choice of global
cross-section, as in the case of the previous works on statistical stability of geometric Lorenz
attractors of Alves-Soufi [2] and Bansoum-Ruziboev [20]. Our criteria are a mix of dynamical
(robust expansiveness) and thermodynamical (physical measures satisfy the Entropy Formula)
properties of the flow restricted to the attracting set and its perturbations.
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We mention that statistical stability and other strong properties of the one-dimensional
quotient maps (contracting Lorenz maps) mentioned above for the Rovella attractor were ob-
tained by Metzger [31] and Alves-Soufi [6]. Decay of correlations and other statistical proper-
ties for the Poincare´ return map were obtained more recently by Galatolo-Nisoli-Pacifico [24],
and a Thermodynamical Formalism for the contracting Lorenz flow was developed by Pacifico-
Todd [36].
Our results can be immediately applied to certain known families of bifurcations giving
rise to attractors belonging to these two classes: see e.g. [39, 34, 35]. The family of sys-
tems obtained after the unfolding of these bifurcation scenarios exhibiting singular-hyperbolic
(Lorenz-like) or contracting Lorenz attractors are automatically statistically stable.
Similar ideas to the criteria presented here, exploring consequences of the characterization
of invariant measures satisfying the Entropy Formula [28] were already used to deal with
stochastic and statistical stability of uniformly and non-uniformly expanding maps; see e.g.
[27, 18, 19] and [7]. A natural notion of stability for maps with several physical measures
supported on a given attracting set was provided in [3]. The same strategy was applied to
obtain statistical stability for sectional-hyperbolic attracting sets (a higher (co)dimensional
extension of the notion of singular-hyperbolicity) in [8], where the focus lies on the technically
much harder task of deducing the properties needed to apply the criteria, due to the high
dimensionality of the objects involved.
1.1. Statements of the results. Let M be a compact connected Riemannian manifold
with dimension dimM = m, induced distance d and volume form Leb. Let Xr(M), r ≥ 1,
be the set of Cr vector fields on M endowed with the Cr topology and denote by φt the flow
generated by G ∈ Xr(M).
1.1.1. Preliminary definitions. An invariant set Λ for the flow φt generated by the vector
field G ∈ Xr(M), for some fixed r ≥ 2, is a subset of M which satisfies φt(Λ) = Λ for all
t ∈ R. Given a compact invariant set Λ for G ∈ Xr(M), we say that Λ is isolated if there
exists an open set U ⊃ Λ such that Λ = ⋂t∈R Closureφt(U). If U can be chosen so that
Closureφt(U) ⊂ U for all t > 0, then we say that Λ is an attracting set and U a trapping
region (or isolated neighborhood) for Λ = ΛG(U) = ∩t>0 Closureφt(U).
We note that every attracting set admits a natural continuation, since there exists a neigh-
borhood V of G in Xr(M) so that ClosureφYt (U) ⊂ U for all t > 0 and each Y ∈ V, where
(φYt )t∈R is the flow generated by Y , and so we may consider the attracting set ΛY (U).
Physical measures are related to equilibrium states of a certain potential function. Let
ψ : M → R be a continuous function. Then a φt-invariant probability measure µ is a
equilibrium state for the potential ψ if
PG(ψ) = hµ(φ1) +
∫
ψ dµ, where PG(ψ) = sup
ν∈M
{
hν(φ1) +
∫
ψ dν
}
,
and M is the set of all φt-invariant probability measures. The quantity PG(φ) is called the
Topological Pressure and the identity on the right hand side is a consequence of the Variational
Principle; see e.g. [42] for definitions of entropy hµ(φ1) and topological pressure PG(ψ).
A sign of chaoticity in an attracting set of a vector field is the property of expansiveness.
Denote by S(R) the set of surjective increasing continuous functions h : R→ R. We say that
the flow is expansive if for every ε > 0 there is δ > 0 such that, for any h ∈ S(R)
d(φt(x), φh(t)(y)) ≤ δ, ∀t ∈ R =⇒ ∃t0 ∈ R such that φh(t0)(y) ∈ φ[t0−ε,t0+ε](x).
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We say that a invariant compact set Λ is expansive if the restriction of φt to Λ is an expansive
flow.
Robust properties are extremely important in Dynamical Systems theory. To precisely state
the main result, we now define robust expansiveness. Let G : X → Xr(M) be a continuous
family of vector fields, where r ≥ 2 is fixed and X is a metric space. We write Gs = G(s) the
vector field given by s ∈ X and denote by (φGst )t∈R the corresponding flow in what follows.
We say that the family G of vector fields is robustly expansive on an attracting set Λ =
∩t>0 Closureφst (U) for some s ∈ X if there exists a neighborhood N of s in X such that for
every ε > 0 there is δ > 0 such that, for any x, y ∈ Λs = ∩t>0 ClosureφGst (U), h ∈ S(R) and
s ∈ V
d(φGst (x), φ
Gs
h(t)(y)) ≤ δ, ∀t ∈ R =⇒ ∃t0 ∈ R such that ψh(t0)(y) ∈ φGs[t0−ε,t0+ε](x).
1.1.2. Statistical stability of equilibrium states. We can now precisely state our criteria for
statistical stability of families of attracting sets of vector fields.
Theorem A. Let us assume that the family G admits a trapping region U so that the attracting
set Λs(U) = ∩t>0 ClosureφGst (U) satisfies, for each parameter s in some subset N ⊂ X:
(1) there are (at most denumerably many) ergodic physical measures µsi , i ≥ 1 supported
in Λs so that
1 Leb
(
U \∑i≥1B(µsi )) = 0;
(2) there exists a family of potentials ψs : Λs → R so that µ is an equilibrium state w.r.t.
ψs, i.e. 0 = hµ(φ
Gs
1 ) +
∫
ψs dµ if, and only if, µ a physical measure;
(3) the function Ψ : S(U) = {(s, x) ∈ N × U : x ∈ Λs(U)} → R given by Ψ(s, x) = ψs(x)
is continuous; and
(4) the family G is robustly expansive.
Then, for each converging sequence sn ∈ N to s ∈ N and every choice µn of a physical
measure supported on Λsn(U), every weak
∗ accumulation point µ of (µn)n≥1 is a convex linear
combination of the ergodic physical measures of Λs(U).
The conclusion of the previous theorem means, more precisely, that there are weights αi ≥ 0
so that
∑
i≥1 αi = 1 and µ =
∑
i≥1 αiµ
s
i thus, for each given continuous observable ϕ : U → R
we have ∣∣∣∣∣∣
∫
ϕdµn −
∑
i≥1
αi
∫
ϕdµsi
∣∣∣∣∣∣ −−−→n→∞ 0.
1.2. Application to singular-hyperbolic attracting sets. Here we provide open classes
of examples of application of the previous abstract setting: the singular-hyperbolic attracing
sets (also known as “Lorenz-like attractors”), encompassing, as particular cases, the classical
Lorenz attractor and the geometric Lorenz attractor.
1.2.1. Background on singular-hyperbolicity. Let Λ be a compact invariant set for G ∈ Xr(M).
We say that Λ is partially hyperbolic if the tangent bundle over Λ can be written as a continuous
Dφt-invariant sum TΛM = E
s ⊕ Ecu, where ds = dimEsx ≥ 1 and dcu = dimEcux = 2 for
x ∈ Λ, and there exist constants C > 0, λ ∈ (0, 1) such that for all x ∈ Λ, t ≥ 0, we have
• uniform contraction along Es: ‖Dφt|Esx‖ ≤ Cλt;
• domination of the splitting: ‖Dφt|Esx‖ · ‖DZ−t|Ecuφtx‖ ≤ Cλt.
1We write A+B the union of the disjoint subsets A and B.
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We refer to Es as the stable bundle and to Ecu as the center-unstable bundle. A partially
hyperbolic attracting set is a partially hyperbolic set that is also an attracting set.
The center-unstable bundle Ecu is volume expanding if there exists K, θ > 0 such that
|det(Dφt|Ecux )| ≥ Keθt for all x ∈ Λ, t ≥ 0.
We say that σ ∈ M with G(σ) = 0 is an equilibrium or singularity. In what follows and
we denote by Sing(G) the family of all such points. We say that a singularity σ ∈ Sing(G) is
hyperbolic if all the eigenvalues of DG(σ) have non-zero real part.
A point p ∈M is periodic for the flow φt generated by G if G(p) 6= ~0 and there exists τ > 0
so that φτ (p) = p; its orbit OG(p) = φR(p) = φ[0,τ ](p) = {φtp : t ∈ [0, τ ]} is a periodic orbit,
an invariant simple closed curve for the flow. An invariant set is nontrivial if it is neither a
periodic orbit nor an equilibrium.
We say that a compact nontrivial invariant set Λ is a singular hyperbolic set if all equilibria
in Λ are hyperbolic, and Λ is partially hyperbolic with volume expanding center-unstable
bundle. A singular hyperbolic set which is also an attracting set is called a singular hyperbolic
attracting set. An attractor is a transitive attracting set, that is, an attracting set Λ with a
point z ∈ Λ so that its ω-limit
ω(z) =
{
y ∈M : ∃tn ↗∞ s.t. φtnz −−−→n→∞ y
}
coincides with Λ.
1.2.2. Singular-hyperbolicity and statistical stability. We may now state the following.
Corollary B. Every singular-hyperbolic attracting set for a C2 flow admits a neighborhood
V in X2(M) where every system is statistically stable.
More precisely, given a flow G of class C2 on a compact manifold exhibiting a singular-
hyperbolic attracting set Λ, then we can find a neighborhood V of G in X2(M) and a neigh-
borhood U of Λ so that, letting G : V → X2(M) be the restriction of the identity to V, then
G satisfies the conditions of Theorem A. Indeed: for each Y ∈ V we have that ΛY (U) is a
singular-hyperbolic attracting set and
(1) there are finitely many ergodic physical measures µYi , i = 1, . . . , k(Y ) supported in
ΛY (U) whose basins cover a full volume subset of U – see e.g. [17, 13];
(2) each physical measure supported in ΛY (U) is an equilibrium state with respect to the
potential ψY (x) = log | detDφY1 | Ecux |, x ∈ ΛY (U) – see e.g. [17] again; and
(3) Ψ(Y, x) = ψY (x) is continuous on S(U) as in Theorem A(3) by robustness and con-
tinuity of dominated splittings in the C2 neighborbood V – see e.g. [21, Appendix
B];
(4) G is robustly expansive: this was recently obtained in [10].
In the particular case of the classical Lorenz attractor [29], which was shown to be a robustly
transitive singular-hyperbolic attractor with the features of the geometrical Lorenz attrac-
tor [41], we have a unique physical measure which has strong statistical properties [16, 14, 11]
on a C2 neighborhood V as above. That is, we have (1-4) with k(Y ) ≡ 1. Hence we reobtain
a version of the main result of [20]:
Corollary 1.1. In a C2 neighborhood V of a geometric Lorenz attractor with trapping region
U ⊂ R3, if Yn → Y in the C2 topology of X2(R3), then the unique physical measures supported
on the attractors satisfy limn→∞
∫
ϕdµYn =
∫
ϕdµY for all continuous observables ϕ : U →
R.
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1.3. Application to the Contracting Lorenz (Rovella) attractor. Here we provide a
non-trivial example of application of the abstract setting of the Main Theorem where the
family of dynamics is not open: perturbation of the Rovella or Contracting Lorenz attractors,
presented by Rovella in [40].
1.3.1. Backgroung on the contracting Lorenz attractor. To present this dynamics and its main
features, we start with the geometric contracting Lorenz Flow, which is a modification of the
geometric Lorenz attractor from [25, 26, 1], in which the uniformly expanding direction at
the singularity is replaced by a strict nonuniformly expanding direction. In broad terms,
following [36, 24], we start with a linear vector field (x˙, y˙, z˙) = (λ1x, λ2y, λ3z) in the cube
[−1, 1]3 whose real eigenvalues λ1, λ2, λ3 of the singularity at the origin satisfy
−λ2 > −λ3 > λ1 > 0, r = −λ2
λ1
, s = −λ3
λ1
, and r > s+ 3.
We note that λ1 +λ3 < 0 while in the geometric Lorenz attractor the construction starts with
λ1 + λ3 > 0; see e.g. [15, Chapter 3, Section 3].
Setting Σ− = [−1/2, 0] × [−1/2, 1/2] × {1}; Σ+ = [0, 1/2] × [−1/2, 1/2] × {1}; and Σ =
Σ+ ∪ Σ− we have a cross-section for the linear flow; see the left hand side of Figure 1. It is
straightforward to calculate the Poincare´ map from Σ± to the cross-section x = ±1: for the
+ case we obtain (x, y, 1) 7→ (1, yxr, xs).
Σ Σ
x=x=
λ
λ
λ
1
2 3
.
.
p
.
− +11
Γ
L
+
−
Σ
+Σ
−
3
2
1
+
_ Γ
R
R
Σ
Σ
S
λ
λ
λ
Figure 1. Sketch of behaviour of the linear flow near the origin, on the left
hand side; and the behaviour of the flow in a neighborhood of the attractor,
on the center; and the one-dimensional map T0 on the right hand side.
Outside the cube, we obtain a butterfly shape for the attractor after rotating the orbits
around the origin and returning to Σ, by a suitable composition of a rotation, an expansion
and a translation; see the center of Figure 1 and for more details, see e.g. [15, Chapter 3,
Section 3].
Remark 1.2. As shown in [40] the condition r > s+3 ensures the existence of a C3 uniformly
contracting stable foliation for the Poincare´ first return map of all small enough perturbations
of the contracting geometric Lorenz flow.
Using this foliation it is possible to obtain an explicit expression for the Poincare´ first
return map R0(x, y) = (T0x,H0(x, y)) where
T0(x) = sgn(x) · (−ρ|x|s + 1/2) and H0(x, y) = sgn(x) · (y|x|r + c)
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for some c > 0 depending on the choice of the rotations and translations (assumming some
symmetry to simplify the exposition), r and s are as defined above, and 0 < ρ ≤ (1/2)−s.
In [40, Item 4, page 240] it is shown that T0 satisfies (see the right hand side of Figure 1)
(1) T0 is piecewise C
3 with two branches, restricted to each it is onto, and T ′0(x) = O(xs−1)
at x = 02 where s− 1 > 0;
(2) T0(0
+) = 1/2 and T0(0
−) = −1/2;
(3) T ′0 < 0 on [−1/2, 1/2] \ {0};
(4) maxT ′0 |(0,1/2]= T ′0(1/2) and maxT ′0 |[−1/2,0)= T ′0(−1/2).
Moreover, there are values of ρ ≤ (1/2)−s so that
(5) ±1/2 are preperiodic repelling for T0; and
(6) T0 has negative Schwarzian derivative.
Rovella established that the flow of the vector field G0 with these features has an attractor
Λ0 and studied the dynamics of the perturbations of this flow. To state the results more
relevant to us, we present the notion of measure theoretical stability (persistence) among
parametrized families of systems.
We recall that a point x is a density point of a subset S of a finite dimensional Riemannian
manifold M , if
lim
r→0
Leb(Br(x) ∩ S)
Leb(Br(x))
= 1,
where Br(x) the ball of radius r centered at x.
Definition 1. Given a subset S of a Banach space X, we say that x ∈ S is a point of
k-dimensional full density of S if there exists a C∞ submanifold N ⊂ X with codimension
k, containing x, such that every k-dimensional manifold M intersecting N transversally at x
admits x as a full density point of S ∩M in M .
We may now state what is mean by a persistent attractor.
Definition 2. An attractor Λ of a vector field X ∈ X∞ is k-dimensionally almost persistent
if it has a local basin U such that X is a k-dimensional full density point of the set of vector
fields Y ∈ X∞, for which ΛY = ∩t>0Y t(U) is an attractor.
In [40, item (b) at page 235] it is stated (and later proved in the same work) that the
attractor Λ0 constructed as above is 2-dimensionally almost persistent in the C
3 topology.
Recently this attractor was shown to be a prototype of a class of invariant sets, similarly to
the geometric Lorenz attractor, which is a prototype of a singular-hyperbolic set.
Definition 3. A compact invariant partially hyperbolic set Λ of a vector field G (in the same
setting as subsection 1.2.1, i.e. dcu = 2), whose singularities are hyperbolic, is asymptotically
sectional hyperbolic if the center-unstable subbundle is eventually asymptotically expanding
outside the stable manifold of the singularities. That is, there exists c∗ > 0 so that
lim sup
T→∞
1
T
log | det(DφT | Ecux )| ≥ c∗, for each x ∈ Λ \
⋃
σ∈Λ∩Sing(G)
W s(σ).
Here W s(σ) = {x ∈ M : limt→+∞ φtx = σ} is the stable manifold of the hyperbolic
equilibrium σ. It is well-known that W s(σ) is a immersed submanifold of M ; see e.g.[37].
The following was recently proved in [30].
2We write f(x) = O(g(x)) at x = x0 if there exists M, δ such that |f(x)| ≤M |g(x)| when 0 < |x− x0| < δ.
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Theorem 1.3. The attractor Λ0 is 2-dimensionally almost persistent asymptotically sectional
hyperbolic in the C3 topology.
Let R ⊂ X3(R3) be the set of vector fields exhibiting a Rovella attractor provided by
Theorem 1.3 and G : R→ X3(R3) be the restriction of the identity to R.
Theorem C. The family G of contracting Lorenz attractors, with trapping region U , is such
that each of its elements admits a unique physical measure, whose basin covers U except for
zero Leb-measure subset and is statistically stable.
1.4. Organization of the text. The strategy of the proof of Theorem C is to show that G
above satisfies all the conditions of Theorem A with uniqueness of physical measures for each
attractor. This is presented in Section 2. In Section 3 we provide a proof of Theorem A.
2. The contracting Lorenz family of attractors
Here we prove Theorem C by showing that the family perturbations of the attractor Λ0
introduced by Rovella, known also as contracting Lorenz attractors, satisfies the conditions
for statistical stability in the weak∗ topology stated in Theorem A, with unique physical
measures for each element of the family G in the statement of Theorem C.
2.1. Existence and uniqueness of physical measure. We start by observing that the
partial hyperbolicity of the family of contracting Lorenz flows given by 1.3 implies that there
exists an Dφt-invariant and uniformly contracting extension of the subbundle E
s to U (which
we denote by the same symbol) together with ε0 > 0 such that, for all points x ∈ U and
0 < ε < ε0, there exists a C
3 embedded disk
W ssε (x) = {y ∈ B(x, ε) : d(φty, φtx) −−−−→
t→+∞ 0}
which satisfies TxW
s
ε (x) = E
s
x and is φt-invariant, that is φtW
s
ε (x) ⊂ W sε (φtx) for all t > 0;
see [12]. In what follows, this disk is the local (strong-)stable manifold of size ε of x and,
when we do not want to specify its size, we write W sloc(x) understanding that the size is to
be taken uniform in U . It follows from the theory of uniform hyperbolicity that ε0 > 0 above
may be taken uniformly on U and on the vector field G on a neighborhood V of G0; see [37].
Using the results from [40], we have that, in a C3 neighborhood V of the vector field G0
described in Subsection 1.3.1, the Poincare´ first return map RG to the cross-section Σ for
each G ∈ V can be written as a skew-product RG(x, y) = (TGx,HG(x, y)) after a suitable C3
change of coordinates; this is a consequence of Remark 1.2.
As proved in [40], used in [31] and generalized recently in [6], there exists a one-parameter
family Ga, a ∈ [0, 1] of vector fields C3 close to G0 admiting a subset E ⊂ (0, a0) of parameters
(“Rovella parameters”) so that 0 is a density point of E. Moreover, the one-dimensional map
Ta corresponding the quotient TGa of the Poincare´ return map to Σ over the stable foliation,
satisfies the following.
Theorem 2.1. [6] For each a ∈ E, the map Ta of the interval [−1/2, 1/2] is a transitive non-
uniform expanding map with slow recurrence to the critical set; and has a unique absolutely
continuous ergodic invariant probability measure νa, whose basin B(νa) equals [−1/2, 1/2]
except for a subset of zero Lebesgue measure.
As explained in [31, Section 7] and also e.g. in [16, Section 6], the existence of an ergodic
physical measure for the quotient map Ta of a Poincare´ return map Ra over a uniformly
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contracting regular foliation, induces an ergodic physical invariant probability measure for
the flow through a standard procedure. In addition, if we start with a physical measure with
full ergodic basin for T0, then the induced measure also has full ergodic basin over the orbits
of the flow starting on the cross-section, which we may assume without loss of generality to
include U .
Hence, the flow of Ga on the trapping region U admits a physical invariant probability
measure µa supported on Λa = ΛGa(U) with full ergodic basin on U . Thus this measure is
the unique physical measure on U . We have obtained item (1) of the statement of Theorem A
with a unique measure for each element of the family G.
2.2. The physical measure is a SRB measure. Let Ra be the Poincare´ first return map
to Σ. As presented in [16, Section 8] or [15, Chapter 7, Sections 9-11], if we assume that
• the Poincare´ return map Ra(x, y) = (Tax,Ha(x, y)) to the cross-section Σ satisfies
– Ha(x, ·) is a uniform contraction;
– Ta is a one-dimensional non-uniformly expanding map with slow recurrence to
the critical set (this is the discontinuous point {0}), as defined in [4, Section 5]
and provided by [6];
then every absolutely continuous ergodic T0-invariant probability measure νa induces a mea-
sure µa which is an ergodic hyperbolic SRB-measure. That is, µa admits an absolutely
continuous disintegration along unstable manifolds.
Remark 2.2. Observe that since the flow direction on partially hyperbolic sets is contained
in the central-unstable direction (see e.g. [9, Lemma 5.1]), then Oseledets Theorem ensures
that ∫
log |det(DφGa1 | Ecu)| dµa =
∫
λ+(x) dµa(x) ≥ c∗ > 0,
where λ+(x) = limT→∞ 1T log |det(DφT | Ecux )| is the largest Lyapunov exponent along the
two-dimensional bundle Ecu for µa-a.e. x. This is strictly positive by asymptotical sectional-
expansion, for otherwise a µa generic point would belong to the stable manifold of a singularity
σ ∈ Λa, and thus µa = δσ. But this would contradict the SRB property obtained above.
According the characterization of SRB measures obtained by Ledrappier and Young [28]
we have hµa(φ
Ga
1 ) =
∫
λ+(x) dµa(x) and so after Remark 2.2 we see that µa satisfies the
Entropy Formula
hµa(φ
Ga
1 ) =
∫
log |det(DφGa1 | Ecu)| dµa > 0. (1)
Reciprocally, an invariant probability measure µ satisfying the Entropy Formula (1) for the
C2 partially hyperbolic flow Ga is a SRB measure (by the result from [28]) and since E
cu
is two-dimensional, then µ is a hyperbolic measure: the Lyapunov exponents along Es are
strictly negative, there exists a positive Lyapunov exponent along the Ecu direction together
with the zero exponent along the flow direction. Consequently, being a SRB and hyperbolic
measure, it is a physical measure; see e.g. [38, 43].
Hence, using the the potential ψa = − log | det(DφGa1 | Ecu)| we obtain item (2) of the
statement of Theorem A.
The continuity of dominated splittings [21, Appendix B] with respect to the base point
but also with respect to the dynamics, together with the C3 smoothness of the vector fields
involved, ensures that item (3) also holds in this setting.
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2.3. Robust expansiveness of contracting Lorenz flows. Here we deduce robust ex-
pansiveness. We first use the following result from [31, Section 4]. We write c±a = Ta(0±) =
limt→0± f(t); see the right hand side of Figure 1. We note that c−a < 0 < c+a and c±a → ±1/2
when a→ 0.
Lemma 2.3. [31, Lemma 4.1] There exists a C3 neighborhood V of G0 so that if Ga ∈ V,
then the map Ta is locally eventually onto, that is, for any interval J ⊂ [−1/2, 1/2]\{0} there
exists n = n(J) > 0 so that fn(J) ⊂ [c−a , c+a ].
Consequently, there does not exist a pair of points x0 < y0 with the same sign in [−1/2, 1/2]\
{0} so that Tna [x0, y0] does not contain the origin for all n ≥ 1.
We use this result to obtain robust expansiveness for the family G restricted to the neigh-
borhood V.
Let 2δ0 > 0 be the distance between the cross-sections Σ˜+ and Σ
+, or between Σ˜− and Σ−
(they are symmetrical); see the left hand side of Figure 1. Let also x, y ∈ U and h : R → R
be a surjective increasing continuous function such that d(x(t), y(t)) ≤ δ for some δ ∈ (0, δ0)
and for all t ∈ R, where x(t) = φtx and y(t) = φh(t)y will be the trajectories to consider in
what follows (we removed Ga from the notation of the flow to lighten the text).
We consider also the pairs of consecutive hitting times xn, yn, n ≥ 1 of these trajectories
on Σ and their projections pixn, piyn on the quotient [−1/2, 1/2] of Σ over the stable leaves.
We note that if pixn · piyn < 0, i.e. returns to Σ lie on different sides with respect to
the stable manifold of the singularity at the origin, then the trajectories of xn and yn will
eventually separate by a distance larger than δ during their crossing of the linearized region
near the singularity; see again the the left hand side of Figure 1. This would contradict the
assumption on x, y and h.
However, if we assume that pix1 < piy1 and pix1 ·piy1 > 0, then, because Ta has monotonous
smooth branches on [−1/2, 0) and (0, 1/2], we get [pixj+1, piyj+1] = Ta[pixj , piyj ] as long as
pixj · piyj > 0 for j = 1, . . . , l. Hence, from Lemma 2.3, the trajectories will not be in this
situation for all j ≥ 1: there exists l > 1 so that pixj+1 · piyj+1 < 0. Hence x, y cannot satisfy
pix1 · piy1 < 0 nor pix1 6= piy1.
We conclude that pix1 = piy1 and both trajectories share a stable leaf of the Poincare´ return
map Ra. This means that there exists t1 > 0 and h(s1) > 0 so that x1 = φt1x, y1 = φh(s1)y
and d(x1, φh(t1)y) < δ, and also that y1 is in the same contracting leaf of R0 as x1. Hence,
since there exists d > 0 so that ‖Ga‖ > d in a δ-neighborhood of Σ and the curvature of the
trajectories within this neighborhood is uniformly bounded, for all a such that Ga ∈ V, we
have
(1) there exists a constant K > 03 so that |h(s1)− h(t1)| < Kδ; and
(2) there exists ε1 > 0
4 and t ∈ (−ε1, ε1) such that φty1 ∈W ssloc(x1).
Therefore φh(t1)y ∈ φ[h(s1)−Kδ,h(s1)+Kδ](y) = A(y, δ).
Let ε > 0 be given, set A(x, ε) = φ[t1−ε,t1+ε]x and consider the set of points of the trajectory
of x whose stable manifolds contain points of A(y, δ)
A(x, y, δ) = {φsx : W ssloc(φsx) ∩A(y, δ) 6= ∅}.
3This depends only on the neighborhood V through d.
4This follows from the invariance of the stable manifolds of all points in U together with the closeness of
y1 and x1, together with the value of d in the neighborbood V.
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From item (2) above, we have that A(x, y, δ) is a neighborhood of φt1x. This neighborhood
can be made smaller by reducing δ > 0 so that A(x, y, δ) ⊂ A(x, ε). This means that
φh(t1)(y) ∈W ssloc(φsx) for some s ∈ [t1 − ε, t1 + ε].
This is enough to conclude robust expansiveness. Indeed, following [16, Section 3.1] we state
first an auxiliary result.
Lemma 2.4. [16, Lemma 3.2] There exist c > 0 and ρ > 0, depending only on the flow, such
that if z1, z2, z3 are points in U satisfying z3 ∈ φ[−ρ,ρ](z2) and z2 ∈W ssρ (z1), then
d(z1, z3) ≥ c ·max{d(z1, z2), d(z2, z3)}.
We may assume without loss of generality that 100δ < cdρ. Arguing by contradiction, if
φh(t1)(y) 6= φs(x), then there exists a largest θ > 0 satisfying
φh(t1)−t(y) ∈W ssρ (φs−tx) and φh(s−t)(y) ∈ φ[−ρ,ρ](φh(t1)−t(y))
for all 0 ≤ t ≤ θ. Hence for t = θ we must have
• either d(φh(t1)−t(y), φs−t(x)) = ρ;
• or d(φh(t1)−t(y), φh(s−t))(y)) ≥ 12dρ.
From Lemma 2.4 we deduce that d(φs−tx, φh(s−t)y) ≥ cdρ/2 > δ contradicting the assumption
on x, y and h.
We have prove expansiveness for any pair ε > 0 and δ < min{cdρ/100, δ0}, where all the
constants involved in the estimates are uniform in a neighborhood V of G0, as needed for
robust expansiveness.
Altogether, the results in this section complete the proof of Theorem C.
3. Proof of Statistical Stability
Here we prove the result on statistical stability for families of flows in the conditions stated
in the Main Theorem. In the following statements X,M denote compact metric spaces.
Theorem 3.1 (Continuity of equilibrium states). Let f : X ×M →M and ψ : X ×M → R
be continuous maps, which define a family of continuous maps ft : M →M,y ∈ Y 7→ ft(y) =
f(t, y), t ∈ X and continuous potentials (ψt)t∈X satisfying the following conditions.
(1) ft admits some equilibrium state for ψt, i.e. there exists µt ∈ Pft(M) such that
Pft(ψt) = hµt(ft) +
∫
ψt dµt for all t ∈ X.
(2) For each weak∗ accumulation point µ0 of µt when t→ ∗ ∈ X, let tk → ∗ when k →∞
be such that µk = µtk → µ0. We write fk = ftk , ψk = ψtk and assume also that
(a) there exists a finite Borel partition ξ of M such that hµk(fk) = hµk(fk, ξ) for all
k ≥ 1; and µ0(∂ξ) = 0.
(b) Pfk(ψk)→ Pf∗(ψ∗) when k →∞.
Then every weak∗ accumulation point µ of (µk)k≥1 when k →∞ is a equilibrium state for f∗
and the potential ψ∗.
Theorem 3.1 is already known in several versions for applications both to statistical and
stochastic stability; see e.g. [7, Theorems 10-12] and also [23] and [18, 19]. For completeness
we provide its short proof.
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Proof. For each fixed N, k > 1 we have by assumption
Pfk(ψk) = hµk(fk, ξ) +
∫
ψk dµk ≤ 1
N
Hµk(ξ
N
k ) +
∫
ψk dµk
where ξNk =
∨N−1
i=0 (f
i
k)
−1ξ. Letting k →∞ we obtain by assumption (and compactness)
Pf∗(ψ∗) ≤
1
N
lim sup
k→∞
Hµk(ξ
N
k ) +
∫
ψ∗ dµ.
Finally since µ(∂ξN∗ ) = 0 and µk(ξNk (x))→ µ(ξN∗ (x)) for µ-a.e. x, we obtain
lim sup
k→∞
Hµk(ξ
N
k ) = Hµ(ξ
N
∗ )
and because N > 1 is arbitrary, we conclude
Pf∗(ψ∗) ≤ hµ(f∗, ξ) +
∫
ψ∗ dµ = hµ(f∗) +
∫
ψ∗ dµ,
which shows that µ is an equilibrium state for ψ∗. 
Now we need to check that the assumptions of Theorem A imply the conditions of Theo-
rem 3.1.
3.1. Entropy expansiveness. A way to quantify how the flow of G moves trajectories away
from one another is to use dynamical balls. For each x ∈ M and ε > 0 we set for each given
t > 0
Bt(x, ε) =
⋂
|u|<t
φ−uB(φux, ε) = {y ∈M : d(φux, φuy) < ε,−t < u < t}.
We denote f = φ1 the time-1 map of the flow of G. Given E,F ⊂M we say that F (n, δ)-spans
E if
E ⊂ ∪y∈FBn(y, δ)
and we set rn(E, δ) as the largest number of elements of a (n, ε)-spanning set of E. We can
now define the entropy of f over a compact subset K as
h(f,K) = lim
δ→0
lim sup
n→∞
1
n
log rn(K, δ).
Following Bowen [22] we set hloc(f, δ) = supx∈M h(f,B+(x, δ)) whereB+(x, δ) = ∩n≥1Bn(x, δ).
We say that the flow of G is entropy expansive if hloc(f, δ) = 0 for some δ > 0 and this value
of δ is an h-expansiveness constant.
Theorem 3.2. Let M be a compact metric space of finite dimension and ξ a Borel partition
of M with diam(ξ) < ε. Then, for each f -invariant probability measure µ we have hmu(f) ≤
hµ(f, ξ) +hloc(f, ε). In particular, hµ(f) = hµ(f, ξ) if ε is an h-expansiveness constant for f .
Proof. See [22, Theorem 3.5]. 
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3.2. Statistical stability. We are now ready for the proof of the Main Theorem.
Proof of Theorem A. Let G : N → Xs(M) be a family of vector fields admitting a trapping
region U whose attracting set satisfies the conditions on the statement of Theorem A.
The continuity assumption of item (3) ensures that we may continuously extend Ψ : S(U)→
R to ψ : N×M → R which clearly satisfies items (1) and (2b) of the statement of Theorem 3.1
with X = N .
The robustly expansiveness assumption has the following straighforward consequence. For
a robustly expansive attracting set ΛG(U) on the family G : N → Xr(M) we can find a pair
ε, δ > 0 so that for each s ∈ N and x ∈ Λs(U), there exists t0 ∈ R satisfying B+(x, δ) =
∩T>1BT (x, δ) ⊂ φGs[t0−ε,t0+ε](x).
In particular, this ensures that δ is an expansiveness constant for each vector field Gs on
the invariant compact set Λs(U), s ∈ N ; see e.g. [22, Example 1.6].
Proposition 3.3. A robustly expansive attracting set ΛG(U) on a family G : N → Xr(M)
admits δ > 0 which is a constant of h-expansiveness for each flow in the family.
Hence, item (4) of the statement of Theorem A implies assumption (2b) of Theorem 3.1,
by using Proposition 3.3 together with Theorem 3.2.
Let then sn ∈ N be a sequence converging to s ∈ N and µn a physical measure supported
in Λsn(U). Let µ be a weak
∗ accumulation point of µn when n → ∞. To simplify the
notation we still write µn → µ (relabeling the indexes if necessary). According to item (2) of
Theorem A, each µn is an equilibrium state for ψsn with Pfsn = 0, where fsn = φ
Gsn
1 . From
Theorem 3.1 we have that µ is an equilibrium state with respect to ψs.
From item (2) of Theorem A again, we have that µ is a physical measure. Hence, by item
(1) of Theorem A, we have a Lebesgue modulo zero decomposition
B(µ) ∩ U = U ∩ (∑
i≥1
B(µ) ∩B(µi)
)
.
By definition of physical measure, for each continuous observable ϕ : U → R∫
ϕdµ =
1
Leb(U)
∫
U
∫
ϕd
(
lim
T→+∞
1
T
∫ T
0
δ
φGst x
)
dLeb(x)
=
∑
i≥1
Leb(B(µ) ∩B(µi) ∩ U)
Leb(U)
∫
ϕdµsi ,
where the limit above is in the weak∗ topology of the probability measures of the manifold.
Thus we conclude that µ =
∑
i≥1
Leb(B(µ)∩B(µi)∩U)
Leb(U) µi and µ is a convex linear combination of
the ergodic physical measures supported in Λs(U) provided by item (1).
This completes the proof of Theorem A. 
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